A description of free objects in the class C of commutative ternary groupoids and a proper characterization of the class of free objects in C by means of C-injective ternary groupoids are obtained.
Introduction and Preliminaries
Ternary algebraic operations were introduced in the XIX-th century by A. Cayley and later on they were extended to n-ary operations. Many authors have investigated sets with one n-ary operation having different properties. Such structures have many applications in different branches. Specially, ternary algebraic structures have their applications in various domains such as geometry and polyadic automata, the theory of multivalued logics, cybernetics and in the theoretical and mathematical physics. Free n-ary, specially ternary algebraic structures are investigated, for example, in [1, 4, 6, 8] .
A mapping [ ] : G × G × G → G, where G is a non-empty set is called a ternary operation on G. The pair G = (G, [ ]) is called a ternary groupoid. We recall that a ternary groupoid (G, [ ]) is said to be commutative if
for every permutation σ of the set {1, 2, 3}. If σ is fixed, then a ternary groupoid satisfying (1) is said to be σ-commutative. The class of all commutative ternary groupoids, that will be denoted by C, is a variety, defined by the six identities [x 1 x 2 x 3 ] ≈ [x σ(1) x σ(2) x σ(3) ], where σ "goes through" all permutations of the set {1, 2, 3}.
We give a description of the free objects in C using the absolutely free ternary groupoid T X = (T, [ ]) over a nonempty set X. We will use the construction of the absolutely free vector valued groupoid, i.e. an (n, m)-groupoid ( [5] ), for n = 3 and m = 1, over a non-empty set X, where X ∩ {[ ]} = ∅. For the sake of completeness we will briefly mention this construction.
Let T 0 , T 1 , . . . , T p , . . ., be a sequence of disjoint sets such that
If t ∈ T p , then we say that t has a hierarchy p and denote it by χ(t).
is a ternary groupoid generated by X that has the universal mapping property in the class of ternary groupoids over X, i.e. it is the absolutely free ternary groupoid over X. The set X is the set of prime elements. Namely, an element t ∈ T is said to be prime in T X if t = [t 1 t 2 t 3 ] for every t i ∈ T , i = 1, 2, 3 and non-prime in the opposite case. For every t ∈ T we define the length | t |, the set of subterms P (t) and the content cn(t), by:
. Using the notion of hierarchy we can define an ordering on T assuming that X is a linearly ordered set, where the ordering relation is denoted by ≤. Ternary terms are ordered so that a ternary term of a particular hierarchy comes before any "longer" ternary term and among ternary terms of equal hierarchy, lexicographical ordering is used, with ternary terms earlier in the lexicographical ordering coming first. Precisely, let t, u ∈ T .
Then T is a linearly ordered set. An element t ∈ T is said to be order-regular if t ∈ X or if t ∈ T \ X, i.e.
A ternary groupoid G is said to be injective if
The absolutely free ternary groupoid T X is injective. It is characterized by:
is absolutely free over a nonempty set X if and only if the following three conditions are satisfied:
(
Remark. The conditions (2) and (3) can be stated as (2 ): X is the set of primes that generates (G, [ ]). We refer to this theorem as Bruck Theorem for the class of all ternary groupoids. (This theorem for the binary case is stated in [2] as Lemma 1.5.)
A construction of free objects in C
A ternary groupoid R = (R, [ ] * ) is called a canonical ternary groupoid over a non-empty set X in a given class K of ternary groupoids if it satisfies:
In order to obtain a canonical commutative ternary groupoid over a nonempty set X, we define the subset R ⊆ T by:
Clearly, the condition (C 0 ) is satisfied and the following properties hold:
Define an operation [ ] * in R by:
By the above properties a) and b) and the definition of R it is obvious that R = (R, [ ] * ) is a ternary groupoid and that it is commutative. The set of prime elements in R coincides with X and generates R. Namely, every element x ∈ X is prime in R, since x = [t 1 t 2 t 3 ]
* , for any t 1 , t 2 , t 3 ∈ R. There are no prime elements in R other then the ones in X. If t ∈ R \ X, then there are t 1 , t 2 , t 3 ∈ T , such that t = [t 1 t 2 t 3 ]. Since t ∈ R and t = [t 1 t 2 t 3 ] = [t 1 t 2 t 3 ] * , it follows that t is a non-prime element in R. To show that X generates R, consider the ternary subgroupoid Q of R generated by X. Let t ∈ R. If χ(t) = 0, then t ∈ X and therefore t ∈ Q. Suppose that χ(t)
* ∈ Q. Hence, R = Q and Q = X * . The universal mapping property for R over X holds in C, i.e. if G = (G, [ ] ) ∈ C and λ : X → G is a mapping, then there exists a homomorphism ψ : R → G such that ψ| X = λ. Let ϕ : T X → G be a homomorphism that is an extension of λ and let ψ = ϕ| R . It suffices to show that for any
, where σ is a permutation of 1, 2, 3 that is not the identical one. Therefore,
Hence, we have proved the following theorem.
Theorem 2.1
The ternary groupoid R = (R, [ ] * ) defined by (2) and (3) is free in C over X and has a canonical form.
A characterization of free objects in C
In order to obtain a characterization of free objects in C, we define a subclass of C that is larger than the class of free ternary commutative groupoids, that will be called the class of C-injective ternary groupoids. For defining such a class we essentially use the properties of the corresponding ternary groupoid R = (R, [ ] * ) in C related to the non-prime elements in R. Such a class would be successfully defined if the following two conditions are satisfied. Firstly, such a class should enable the characterization of free ternary groupoids in C analogously as in Theorem 1.1: any C-injective ternary groupoid H whose set of prime elements is nonempty and generates H to be free in C. Secondly, the class of free ternary groupoids in C has to be a proper subclass of the class of C-injective groupoids. Therefore, we will state some properties of (R, [ ] * ) that are essential for the notion of C-injectivity. These properties are related to the non-prime elements in R that are represented only by the operation [ ] * .
Let t be a given non-prime element in R. Proposition 3.1 Let t be a non-prime element in R and (t 1 , t 2 , t 3 ) be a triple of divisors of t in R. Then (u 1 , u 2 , u 3 ) is a triple of divisors of t if and only if {u 1 , u 2 , u 3 } = {t 1 , t 2 , t 3 }.
If t ∈ R \ X, then t ∈ T \ X, so, by the injectivity of T X , there are uniquely determined t 1 , t 2 , t 3 ∈ T , such that t = [t 1 t 2 t 3 ], i.e. (t 1 , t 2 , t 3 ) is the triple of divisors of t in T X . Since [t 1 t 2 t 3 ] ∈ R, it follows that t 1 , t 2 , t 3 ∈ R and [t 1 t 2 t 3 ] * = [t 1 t 2 t 3 ]. In other words, (t 1 , t 2 , t 3 ) is the canonical triple of divisors of t in R that coincides with the triple of divisors of t in T X . (We say "the canonical" triple instead of "a canonical triple", since it is uniquely determined for t.) The other triples that are permutations of (t 1 , t 2 , t 3 ) are triples of divisors of t in R as well, but they are not canonical.
Proposition 3.2 Let R = (R, [ ]
* ) be the canonical ternary groupoid in C. Then the following cancellative laws hold: * are equivalent to {t, x, y} = {u, x, y}. Hence, t = u.
A ternary groupoid H = (H, [ ]) is said to be
By Prop.3.1 it follows that the canonical ternary groupoid R in C is Cinjective. Every C-free ternary groupoid over X is isomorphic to R. Thus: Proposition 3.3 Every C-free ternary groupoid over X is C-injective.
In order to prove the Bruck theorem for the class C we will use Lemma 3.4 ([4], Lemma 3.1).
Lemma 3.4 Let H = (H, [ ])
be C-injective ternary groupoid such that the set P of prime elements in H is non-empty and generates H. (ii) The set P of the prime elements in H is non-empty and generates H.
Proof. If H is C-free over X, then by Prop.3.3 we obtain that H is Cinjective, i.e. (I0) holds. Since H is isomorphic to R and X is non-empty set that generates R, (I1) holds.
Conversely, let (I0) and (I1) hold. It suffices to show that H has the universal mapping property in C over P . Define an infinite sequence of subsets C 0 , C 1 , . . . , C k+1 , . . . of H as in Lemma 3.4. Let G = (G, [ ] ) be a commutative ternary groupoid and λ : P → G be an arbitrary mapping. Since H = {C k : k ≥ 0}, where C k = ∅ for every k ≥ 0 and C i ∩ C j = ∅ for i = j (by Lemma 3.4) one can define a sequence of mappings ϕ k : C k → G for k ≥ 0, inductively by: ϕ 0 = λ and let ϕ i :
, for every permutation σ of the set {1, 2, 3}. Since G ∈ C one obtains that
Therefore, H is C-free over P .
There are C-injective ternary groupoids that are not C-free. Example 3.6 Let X be a countable set and R be the canonical ternary groupoid in C over X. Define a subset H ⊂ R and a subset D ⊂ H 3 by:
for every pair i, j ∈ {1, 2, 3}}. Define a relation θ on D by:
It is easy to show that θ is an equivalence relation on D. , t 2 , t 3 ) θ ), if cn(t i ) = cn(t j ) for some i, j ∈ {1, 2, 3}
By a direct verification one can show that H = (H, [ ] ) is a ternary groupoid that satisfies the conditions (I0) and (I1) from the definition of C-injectivity. In the cases when the mapping ψ is bijective, the set P of the prime elements in H is empty, and by the Bruck Theorem for C, it follows that the ternary groupoid H is not C-free. Therefore, Proposition 3.7 The class of C-free ternary groupoids is a proper subclass of the class of C-injective ternary groupoids.
By this proposition we conclude that Bruck Theorem for C gives a proper characterization of the class of free commutative ternary groupoids by means of the class of C-injective ternary groupoids.
